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Abstract—Consideration was given to asymptotic stabilization of the equilibria of nonlinear
dynamic systems using the dynamic output feedbacks, that is, the feedbacks in the estimate
of system state made by the asymptotic observer. Presented were the basic methods of con-
structing the asymptotic observers for the nonlinear dynamic systems with control and the
approaches to system stabilization using the system state estimate made by the observer.

1. INTRODUCTION

Attention paid during the recent decades by many domestic and international researchers (see,
for example, [1-131]) to the problems of control of dynamic systems by the output feedbacks is
due to the fact that in control of various technical systems the full system state vector is usually
unknown and only some functions of the state variables—the system outputs—are observable.
As is well known [44], the static output feedbacks enable stabilization under incomplete measured
information about the system state only for certain classes of dynamic systems such as systems
with passivity or passification of the static output feedback [60, 132-134], and generally fail to
provide the desired result.

Extension of the system dynamics owing to the data about the output values provided by the
observer (a special dynamic system whose state with time approaches fairly rapidly that of the
original system) and use of the dynamic output feedbacks in the form of a function of the observer
state and the output of the original system offer an alternative to the static output feedbacks.
At that, the observer state at an arbitrary time instant is regarded as an estimate of the system
state at this instant. The main problem of observer construction lies in providing the desired
dynamics of reduction of the error of system state estimate, that is, the mismatch between the
states of system and observer at the same time instant. Asymptotic or exponential error reduction
in time is usually desired.

We consider asymptotic stabilization of the equilibrium = = 0, u = 0 of the dynamic system like

a‘c:f(:):,u), y:h(x)v (1)

where z € R" is the system state vector, u € R™ is the control, y € RP is the measured system out-
put, f(-,-) and h(-) are sufficiently smooth functions of their arguments, and f(0,0) = 0, h(0) = 0.
Let us assume that the problem of stabilization was solved in the form of the state feedback

! This work was supported by the Russian Foundation for Basic Research, project no. 05-01-00840, Grant for State
Support of the Leading Scientific Schools, project no. NSh—2094.2003.1, and project no. UR.03.01.141 of Section 1.2
“Russian Universities” of the Subprogram “Basic Research” of the Departmental Scientific Program “Development
of the Scientific Potentialities of the Higher School” of the Federal Education Agency of the Russian Federation.

0005-1179/05/6607-1021 (© 2005 Pleiades Publishing, Inc.



1022 GOLUBEV et al.

u = k(z), k(0) = 0, and the estimate T of system state x provided by the observer is known. Let
us consider the control u = k(Z) obtained from the feedback by replacing the system state by its
estimate. The error e = T — x of state estimation may be interpreted as the perturbation on the
system through the given control u = k(Z) = k(z + e). This gives rise to the question as to whether
the so-constructed control in the form of the system state estimate feedback solves the stabilization
problem under study.

For the linear system, the affirmative answer has the form of the well-known separation principle
[135, 136]. Namely, let the linear state feedback like u = Kz, K € R™*" which globally asymp-
totically stabilizes the system equilibrium z = 0, u = 0 for a known state vector be established for
the linear system

i=Ax+ Bu, y=Cuzx, (2)

where © € R" is the system state vector, u € R™ is the control, y € RP is the measured system
output, A € R"*", B € R"*™ C € RP*™, the pair (4, B) is controllable, and the pair (A4,C) is
detectable [135]. Let us assume that constructed was the asymptotic observer

z = A%+ L(CZ — y) + Bu,

where the gain matrix L € R™*P is chosen so that the matrix A + LC has eigenvalues only with
negative real parts. For an appropriate feedback u = KZ in the estimate Z of the state vector z,
the system then retains its global asymptotic stability.

For the nonlinear system, the answer is generally affirmative only for the local asymptotic stabi-
lization of the given equilibrium. The paper [1] demonstrated validity of the separation principle in
the case of local asymptotic stabilization of the nonlinear weakly detectable systems like (1) which
have continuously differentiable function f(-,-) in their right-hand side and are locally asymptot-
ically stabilized by the continuously differentiable state feedback. These findings were extended
in [5] to the case where the function f(-,-) in the right-hand side of system (1) is continuous and
the stabilizing controls belong to the class of continuous state feedbacks.

For the problem of global asymptotic stabilization of the given equilibrium, the answer is gen-
erally negative because there are examples of nonlinear systems to which the separation principle
is inapplicable in the case of global stabilization. This may be due to an unlimited increase in the
solutions of the system with the control u = k(Z) in a finite time before the error e = Z — x of the
system state estimate vanishes [25, 32,137, 138].

The following key questions concerning the global asymptotic system stabilization by separate
construction of the stabilizing state feedback and the observer for estimation of the system state
with subsequent substitution of the state estimate in the feedback were formulated for the nonlinear
dynamic systems [32]:

(1) Let the control law in the form of a state feedback u = k(x) that globally asymptotically
stabilizes the given system equilibrium be established and the global observer providing the esti-
mate T of the system state vector x be constructed. Will the system be globally asymptotically
stable for the control u = k(Z)?

(2) Let a global observer be constructed. Is there a control law in the form of the state feedback
u = k(x) that globally asymptotically stabilizes the given system equilibrium such that the control
u = k(Z) provides global asymptotic stability of the closed-loop system?

(3) There is a control law in the form of the state feedback u = k(z) that globally asymptotically
stabilizes the given system equilibrium. Is there a global observer such that the control u = k(%)
makes the closed-loop system globally asymptotically stable?
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(4) Are there a global observer and a control law as the state feedback v = k(z) globally asymp-
totically stabilizing the given system equilibrium such that the system is globally asymptotically
stable under the control u = k(z)?

It is known (see, for example, [32, 137, 139]) that for the nonlinear systems the answer to the
first question is generally negative even if the error e = Z — x of system state estimate made by the
observer decreases exponentially with time. According to [32], the answer remains negative even
if the state estimate error vanishes in a finite time because under the control v = k(Z) the system
solutions can grow unlimitedly in a finite time before the system state estimate vanishes.

The reader can find in [32, 138] an example of a nonlinear dynamic system for which the answer
to the second question also is negative for the class of controls consisting of all continuous state
feedbacks like uw = k(x). For the given class of feedbacks, this provides a negative answer to the
second question in the general case.

Particular examples of systems presented in [25] demonstrate that uniform observability under
an arbitrary control [140] and global asymptotic stabilizability of the equilibrium =z = 0, u = 0 of
the nonlinear system like (1) by the continuous state feedback like u = k(x), k(0) = 0 generally
do not secure the global asymptotic stabilizability of the system by a dynamic output feedback
given by

u=k(&y), £=0(&y), (3)

where ¢ € R! for some [ > 0 and k(-, ) and ¢(-, -) are some continuous functions of their arguments,

k(0,0) =0, ¢(0,0) = 0. For example, the equilibrium z = 0, u = 0 of the system
Ty =m9, dy=my+u, Y=, (4)

where x = (x1,22)7 € R? is the system state vector, u € R is the control, y € R is the measured
system output, and n € N, is globally asymptotically stabilizable by the continuous state feedback.
Since x1 =y, x93 = Y, system (4) is uniformly observable under an arbitrary control [11, 24, 140].
According to [25], however, for n > 3 there exists no continuous dynamic output feedback like (3)
that globally asymptotically stabilizes the system x = 0, £ = 0 of system (4) with control (3).

The impossibility of stabilizing by the dynamic output feedbacks the equilibria in the afore-
mentioned examples of nonlinear systems is due to the fact that these systems lack “observability
of solution unlimitedness” [25]. Availability of this property in a dynamic system implies that if
some system solution grows unlimitedly in a finite time, then this function of system output as
considered over the given solution also grows over this time. According to [25], the following class
of nonlinear dynamic systems

z=H(z,x),
T = x2,

x‘r—l = Ty,
iy =k + F(z,21,...,201) + G(z,21, ..., 201U,

Yy =1,

where z = (21,...,2,)T € R, r > 2,2 € R", u € R,y € R, and H(-), F(-), and G(-) are
continuous functions of their arguments, H(0,0) = 0, F'(0,0) = 0, G(z,z) # 0 for all z € R" and
x € R", does not feature “observability of solution unlimitedness” for & > r/(r — 1). Consequently,
for k > r/(r — 1) the global asymptotic stabilization of the equilibrium z = 0, z = 0, £ = 0 of
system (5) with control (3) by the continuous dynamic output feedback like (3) is impossible. In
particular, we note that the results of [25] imply negative answers to the third and fourth questions.
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Classes of nonlinear dynamic systems like (1) for which there are affirmative answers (also
obtained by the present writers) to some of the above questions about asymptotic stabilization of
the given system equilibrium by a separate stabilizing state feedback and an observer estimating
the system state with subsequent substitution of the state estimate in the feedback can be found
in Section 4.

Direct stabilization of a special extended system consisting of the equations of the original system
and the equations of system state estimation by the observer by means of the control laws as the
observer state functions and the output of the original system offers a method of asymptotic system
equilibrium stabilization by the dynamic output feedbacks which is an alternative to the separation
principle. The method of backstepping in observer [9, 137] that is discussed in Section 4.4 marked
a substantial progress in this direction.

Notation and definitions used in what follows are presented in Section 2. The main methods
of constructing asymptotic global observers for the nonlinear dynamic systems with control as
well as the classes of nonlinear systems admitting construction of asymptotic global observers are
considered in Section 3.

Part of the results presented in this paper is compiled in Tables 1 and 2 (see Appendix) describing
the classes of nonlinear systems admitting construction of the asymptotic observers, conditions for
and types of stability of the system describing the dynamics of the error of state estimation of the
original system by the observer, conditions for validity and type of the separation principle (in the
case of local, global asymptotic stabilization or asymptotic stabilization in the large).

2. NOTATION AND DEFINITIONS

The following notation and definitions are used in the present paper.

Definition 2.1 ([25]). Let z(¢) be an arbitrary noncontinuable solution of system (1) determined
over the half-interval [0,7), 0 < T < 400, and corresponding to some input function wu(t) which is
arbitrary, continuous, and bounded on [0,7"). If the equality

limsup |h(z(t))| = +o0
t—T

is satisfied, then the dynamic system (1) is said to feature “observability of solution unlimitedness.”

Definition 2.2 (see, for example, [137, 139, 141, 142]). The continuous function a : [0,d) — R™,
R = [0,4+00), 0 < d < +o0, is called the function of the class K if it is strictly growing and
a(0) =0.

The function «(-) of the class K is called the function of the class K, if d = +00 and a(s) — +o0
for s — +oo0.

The continuous function 3 : [0,d) x Rt — RT is called the function of the class KL if for any
fixed ¢ the function [((s,t) is that of the class K relative to the variable s and for any fixed s
B(s,t) — 0 for t — +oo.

Definition 2.3 (see, for example, [5, 14]). The dynamic system (1) is called the weakly detectable
system if there are

(1) continuous function g : R™ x RP x R™ — R", ¢(0,0,0) = 0;
(2) continuously differentiable function W : R" x R" — R™;

(3) functions «a; : [0,d) — R*, i = 1,3, of the class K for some d > 0 such that the equality
f(z,u) = gz, h(z),u) is satisfied for all z € R™, u € R™ and the following inequalities are valid
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for all z, z € R™, uw € R™, and sufficiently small e = ¥ — x € R" satisfying the condition | e | < d:

on([f — ) < W2, ) < 0a([7 — 2) ©)
O ) + O (2, ha),w) < —0([7 — a). @

The dynamic system (1) is regarded as detectable if (i) the weak detectability conditions are met;
(ii) d = 400 and besides the functions «;(+), i = 1,2, belong to the class Ko; (iii) inequalities (6)
and (7) are valid for all z,Z € R", u € R™ and alle =2 —x € R".

Here and below, | - | stands for the Euclidean norm in R™. We note that in the case where
the dynamic system (1) is linear and has the form (2) we use the notion of detectability of the
pair (A,C), which is equivalent to existence of the matrix L € R™*P such that the eigenvalues
of A+ LC have only negative real parts [135].

Definition 2.4 ([140]). The dynamic system (1) is called the uniformly observable system under
arbitrary control if the initial system state z(0) is uniquely determined from the output trajec-
tory y(t), t € [0,T], for any continuous bounded input function u(t) defined over an interval [0,77],
T > 0, such that for arbitrary initial values x(0) the solutions x(t) of the system are defined over
this interval.

We note that various necessary and sufficient conditions for uniform observability under arbitrary
control can be found in [11, 24, 88, 140, 143-147] for the nonlinear dynamic systems like (1).

Definition 2.5 ([148, 149]). If there are functions 3(-,-) and 7(-) of the respective classes KL
and K (for d = 400) such that for any z(0) and an arbitrary continuous input function w(t)
bounded over [0, +00) the solutions x(t) of system (1) exist for all ¢ > 0 and satisfy the inequality

|(t)] < B(|z(0)],2) +~ < sup MT)\)
0<r<t
for all ¢ > 0, then the dynamic system (1) is said to have stable input-state map relative to the
input u.

We recall that f(xz,u), x € R",u € R™, f: R"x R™ — R", is global Lipschitzian in x uniformly
in u with the constant - if

|f(x1,u) — f(x2,u)| < vflxy — 22| for any zq,20 € R", wue R™.

The paper makes use of Apax(P) and Apin(P) to denote, respectively, the magnitude-maximal
and magnitude-minimal eigenvalues of an arbitrary matrix P. The Jacoby matrix of the func-
tion f(z,u), x € R",u € R™, f: R"x R™ — R" in part of the variables x is denoted by D, f(x, u).
By the matrix inequality A < B, where A, B are arbitrary symmetrical n X n matrices, is meant
the inequality T Az < 2T Bz for all z € R".

In what follows, by the problem of stabilization of a dynamic system like (1), is meant asymptotic
stabilization of the given system equilibrium z = 0, u = 0. By the class of permissible control laws
is meant the class of continuous functions of the form v = u(t,z,y) or u = u(t, z,y), where xz € R"
is the system state vector, & € R™ is the vector of system estimation by the observer, and y € RP
is the measured system output. The possible dependence on time is due here to the permissible
presence of external signals in the control laws, for example, to the dependence on the solutions of
other dynamic systems.
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3. ASYMPTOTIC OBSERVERS FOR THE NONLINEAR
DYNAMIC SYSTEMS WITH CONTROL

There exist several basic approaches to constructing asymptotic observers for the nonlinear
dynamic systems with control. One of the well-known methods of constructing the asymptotic
local observer for a nonlinear system is based on system linearization in the neighborhood of a
given point and constructing an observer for the resulting linear system. However, the convergence
domain of this observer usually is small, and its estimation is difficult. In this connection, of
great interest are the methods of constructing observers operating globally or in the large. Various
methods of constructing observers for the nonlinear dynamic systems which operate globally or in
the large can be found, for example, in [83, 89-91, 144-146, 150-170].

3.1. Let us consider the case of the affine nonlinear dynamic system (1) given by

m

b= A@)+ Y Bi(@)u, y=h(x), (8)
j=1

where z € R" is the system state vector; A(z) and Bj(z), j = 1,m, are the smooth vector fields
on R™; y € RP is the measured system output, h(z) = (hy(),...,hy(2))T, hi(z) € C*(R"), and
i = 1,p; u= (ug,... ,um)T € R™ is the vector control. The so-called geometrical method of
observer construction is based on rearranging system (8) in a special canonical form [150] which,
according to [151], is representable as

Al 02 ... 0 ¢1(X%17"'7X7€p) Elj(X%n?”ngp)
o ? j4 0 - wz(xm,;--7x£p) +§: sz(xnlaj--7xﬁp) "
o . : 1 :
0 0 ... A (X - X0) : b (Xhys -2 XB,)
m
:AX+¢(X7:EL17"’7XI’F)LP)+Z'§j<x7:l7/17"'7xﬁp)uj7 y:H<X’}L1""’XfLP)7 (9)

j=1

where n = nj + ...+ n, is the observability multiindex [151]; x* = (x4, ... ,Xﬁk)T, k=1,p, are

the ng-dimensional vectors; xy = ((XI)T,...,(XP)T); Ak = (afj), i=1,n4 j=1,n4 k=1,p, are
the ng-order square matrices with the elements afj =1,ifi—j=1, and afj =0,ifi —j# 1. The
existence conditions for the change of variables rearranging system (8) in (9) are given in [150, 151].
If for the function y = H (X}LI,...,XJELP) there exists a feedback function (X}LI,...,XIT’LP)T =
H~1(y), then the asymptotic observer for system (9) is represented by the dynamic system

. m.
X=AX+LOKX = x) + ¥ (xny» -5 Xh,) + ZlBj(xél,...,x%,,)uj,
]:
(Xnys o xh,) T = H Y (y),

(10)

where C = (Cjj), i = 1,p, j = 1,p, is the block matrix whose elements Cj;, i =1,p, j = 1,p,
are row matrices of the length n; and at that Cj; = (0,...,0,1), if ¢ = 4, and Cj; = (0,...,0,0),
if i # j. In observer (10), the L € R™ P gain matrix defines dynamics of the error e = Y\ — x
of state estimation of system (9). In systems (9) and (10), consideration is given to an identical
control which belongs to the permissible class of control laws and is such that the solutions x(¢) of
system (9) with the given control are determined for all £ > 0.

Subsequent constructions in this case may be based on the linear technique providing exponential
decrease of the error at least in the canonical coordinates. Indeed, the equation e = ¥ — x of the
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error of estimation by the observer (10) of the state of system (9) for identical control in systems (9)
and (10) has the form

¢ = (A+ LC)e, (11)

where the observer gain matrix L is chosen so that the matrix A + LC has eigenvalues with
negative real parts only. This choice of L is possible because the pair (A, C) is observable [135].
Consequently, the equilibrium e = 0 of system (11) is exponentially stable and the state estimation
error is control-independent and exponentially tends to zero.

The geometrical method of constructing the observer for the nonlinear dynamic systems is
discussed in detail, for example, in [150-155]. We note that the results become global if the
corresponding changes of variables are defined globally, the map H : RP — RP is invertible, and
for the control u under consideration from the permissible class of control laws, any solution x(t)
of (9) is defined for all ¢t > 0.

3.2. A similar approach can be developed for the non-affine nonlinear dynamic systems like (1).
Let us assume that system (1) has the form

T = Az + Q(yau)v Yy = Cux, (12)

where z € R"; A € R™"™ and C' € RP*™ are the constant matrices, the pair (A4, C) is detectable,
and the map ¢ : RP x R™ — R™ is continuous. For system (12), the global asymptotic observer is
as follows:

=A%+ L(CZ —y) + o(y,u). (13)

The gain matrix L € R"*P determines dynamics of the error e = Z — x of state estimation of
system (12). In systems (12) and (13), consideration is given to the identical controls which
belong to the permissible class of control laws and are such that for any z(0) the solutions z(t) of
system (12) with the given control are determined for all ¢ > 0.

Under identical controls in systems (12) and (13), the equation of the error e =z — x of esti-
mation by observer (13) of the state of system (12) has the form (11), where the observer gain
matrix L is taken so that the eigenvalues of the matrix A + LC have only negative real parts. In
this case, the equilibrium e = 0 of system (11) with the right-hand side under consideration is
globally exponentially stable and the error of estimation the state of system (12) by observer (13)
is control-independent and tends exponentially to zero.

3.3. Another procedure [156-158] enables one to construct an asymptotic global observer for the
following nonlinear dynamic system (1):

&= Az + f(z,u) + o(y,u), y=~Cu, (14)

where © € R" is the system state vector; A € R™"™ and C' € RP*" are constant matrices, the
pair (A,C) is detectable; y € RP is the measured system output; u € R™ is the control; the
maps o : R x R™ — R™ and f: R™ x R™ — R are continuous, the function f(x, u) being global
Lipschitzian in z uniformly in u with constant V5

For system (14), the observer is given by
T =A%+ L(CZ —y) + f(&,u) + oly, w), (15)

where L € R™*P is the observer gain matrix to be determined. The equation of the error e =7 — x
of estimating the state of system (14) by observer (15) is given by

¢ = (A4 LC)e + (@ +e,u) — flz,u)] . (16)
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The procedure of observer construction comes to seeking a gain matrix L for which the equilib-
rium e = 0 of system (16) is globally asymptotically stable for an arbitrary fixed control u from
the permissible class of control laws and any solution z(t) of system (14) with the given control.
The following theorem is known.

Theorem 3.1 ([156]). Let us assume that any solution x(t) of system (14) is determined for all
t > 0 under some fixed control u from the permissible class of control laws. Let the gain matriz L
in observer (15) be taken so as to satisfy the inequality V5 < Amin(Q)/(2Amax(P)), where P and Q

are positive definite symmetrical matrices satisfying the Lyapunov equation
(A+LC)'P+P(A+LC) = —Q. (17)

Then, for the given control u and an arbitrary solution xz(t) of system (14) with this control, the
equilibrium e = 0 of system (16) is globally exponentially stable.

Theorem 3.1 is proved in the Appendix.

We note that Theorem 3.1 allows one only to check for stability system (16) with a particular
gain matrix L and gives no answer to the question as to how to determine L because (i) there
exists no explicit dependence between the eigenvalues of the matrix A + LC and Apax(P) and (ii)
variations in Apax(P) need not be related with the variations of the eigenvalues of A + LC' [157].

Sufficiently constructive necessary and sufficient conditions for stability of the equilibrium e = 0
of system (16) were obtained in [158]. This publication presented conditions to be satisfied by
the matrix A + LC. Numerical algorithms to determine the gain matrix L of observer (15) which
makes system (16) stable are described in [157, 158]. Construction of an asymptotic observer for
the nonstationary system (14) was discussed in [159].

3.4. Let us consider the case where system (14) has the lower triangular form
&= Ax +a(x) + b(z,u) + o(y,u), y=~Cu, (18)
where x = (1,...,2,)" € R" is the system state vector, u € R™ is the control, y € R is the
measured system output; A = (a;5), i = 1,n, j = 1,n, is the n-order square matrix with the
elements a;; = 1,if j —i =1, and a;; = 0, if j —i # 1; C = (1,0,...,0) is the row vector
of length n; b(z,u) = (by(x1,u),...,bi(z1,...,25u),...,by(z,u))T, the vector function a(x) =
(0,...,0,a,(x))T is an n-dimensional vector, the function a,(x) being global Lipschitzian and

the functions b;(z,u), i« = 1,n, continuous and global Lipschitzian in z uniformly in w; the map
0: R x R™— R" is continuous.

Existence of a change of variables rearranging the dynamic system like (1) with a scalar output in
a lower triangular form (18) is a sufficient condition for its uniform observability under an arbitrary
control. As was shown in [144-146], a global asymptotic observer for system (18) always exists and
is as follows:

=A%+ L(CZ —y) + a(Z) + b(@, u) + o(y, u), (19)

where L = (I, ... ,ln)T € R" is the observer gain vector to be determined.
The error equation e = Z — x of the system (18) state estimate by observer (19) is as follows:
é¢=(A+LC)e+ G(e,z,u), (20)
where
Ge,z,u) = (g1(e,z,u), ..., gnle,z,u))T,
gile,r,u) = bj(xy +e1,..., 2 +eju) — bi(xy, ... xu), i=1,n—1,
gnle,z,u) = bp(z + e,u) — by(z,u) + ap(x + €) — ap(x).

The results of [144-146] underlie the following statement.
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Theorem 3.2. Let us assume that any solution xz(t) of system (18) be determined for all t > 0
under some fized control u from a permissible class of control laws. Then, for the gain vector L
in observer (19) such that l; = 0'k;, i = 1,n, where k;, i = 1,n, are the components of the vector
K = (ki,...,kn)" such that the matriv Ac = A+ KC has eigenvalues with negative real parts
only, there exists a value 0, > 1 of the parameter 6 such that for all 0 > 0, the equilibrium e = 0 of
system (20) is globally exponentially stable under the given control w and an arbitrary solution x(t)
of system (18) with the given control.

Theorem 3.2 is proved in the Appendix.

In [144-146] a matrix method of defining the gain vector for observer (19) was proposed in the
form of L = —P~'C™, where the matrix P = PT > 0 is the solution of the equation

AYP4+PA+OP -CTC =0 (21)

for an arbitrary and sufficiently great fixed parameter § > 1 which, as was established in these
publications, exists and is unique. For this choice of the vector L, observer (19) traditionally is
called the high-gain observer. The following result is presented without proof.

Theorem 3.3 ([144-146]). Let us assume that under some fized control u from a permissible class
of control laws any solution x(t) of system (18) is definite for all t > 0. Then, upon choosing the
gain vector L = —P~'C" in observer (19) where the matriz P = PT > 0 is a unique positive
definite solution of Eq. (21) there exists a value 0, > 1 of the parameter 6 such that, under the
given control u and arbitrary solution x(t) of system (18) with the given control, for all 0 > 0, and
any initial values e(0) the solutions e(t) of system (20) are definite for all t > 0 and for all t > 0

satisfy the inequality |e(t)| < K(0)|e(0)]exp (—%t), where K (0) is a function of the parameter 0
such that K(0)exp (—%T) — 0 is satisfied for an arbitrary fized 7 > 0 if § — oc.

We note that the methods of defining the gain vector in observer (19) as presented in Theo-
rems 3.2 and 3.3 are directly related. Let the matrix Py = Py > 0 be a solution of Eq. (21) for
6 = 1. Then, the matrix Ac = A — Fy LOTC has eigenvalues only with negative real parts be-
cause PyAc + AEPO =—Py—CTC < —Py. Now, we take into consideration that AAA~! =6A
and CA~! = O, where A = diag (1,1/6,...,1/6""!), and demonstrate that the solution of Eq. (21)
for any fixed 8 > 1 has the form P = %APOA and the choice of the gain vector L = (I1,...,l,)T =
—P~1CT in observer (19) means that l; = 6°k;, i = 1,n, where k;, i = 1,n, are the components of
the vector K = —F; 'CT [146]. The same book considered construction of high-gain observers for
more general systems including those with vector output.

3.5. The publications [83, 89-91, 160] considered construction of the global asymptotic observers
for the nonlinear dynamic systems with the control given by

& = Az + Gp(Hz) + o(y,u), y=Cu, (22)

where z € R"™ is the system state vector; A € R"*", G € R™*", H € R"™", and C € RP*"™ are
constant matrices, the pair (4, C) is detectable; y € RP is the measured system output; u € R™ is
the control; and the maps o : RP x R™ — R"™ and v : R — R" are continuous. Here, the nonlinear
vector function ¢)(Hzx) is an r-dimensional vector whose components 1); are functions of a linear
combination of the state variables

n
Vi =i (ZHzJHCJ) ,ot=1r,
i=1
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and satisfy each the inequality

a< Yilz1) — Yilze) <b, Vz,m €R, =z # 2. (23)

21— 22

For a = 0, b = oo, relations (23) define nondecreasing functions, and for —a = b = =, global
Lipschitzian functions.

For system (22), the observer is as follows:
Z =A%+ L(CT —y) + GyY(HT + K(CF — y)) + o(y, u), (24)

where L € R"*P and K € R"™*P are the observer gain matrices to be determined. The equation of
error e = ¥ — x of estimation by observer (24) of the state of system (22) is as follows:

é=(A+LC)e+ Gp(w) — P(v)], (25)
where v = Hz, w = Hz + K(CZ — y).

Let us assume that the scalar components of the vector function 1(-) satisfy inequalities (23)
with @ = 0. If a # 0, then one can always define a new function ¥ (v) = (¢1(v1),. .. , U (v,:))T whose

coordinate functions v;(v;) = ;(v;) — av;, i = 1,7, satisfy inequalities (23) with a=0,b=b—a
and represent system (22) as & = Ax + Gy(Hz) + o(y,u), y = Cx, where A = A+ aGH.
It follows from inequalities (23) that
Yi(wi) — i(vi) = 6i(t)(wi —vi), i=1r,

where §;(t), i = 1,7, are scalar time functions assuming values over the interval [0, b]. Consequently,
the difference ¥ (w) — 1 (v) is representable as

P(w) —p(v) = Alt)(w —v),

where A(t) = diag (81(t), ..., 0r(t)). With regard for the notation n = w — v, system (25) is then
representable as

é=(A+LC)e+GA(t)n, n=(H+KCQC)e. (26)

Construction of the observer lies in determining the gain matrices K and L for which the equilibrium
e = 0 of the linear nonstationary system (26) is globally asymptotically stable.

Theorem 3.4 ([89, 90]). Let us assume that under some fized control w from the permissible
class of control laws any solution x(t) of system (22) is definite for all t > 0. If there is a matriz
P =PT >0 and a constant v > 0 such that the linear matriz inequality

(A+LO)"P+P(A+ LO) +vI PG+(H+EC)"] _ o
GTP+ (H +KC) D =

where O is the (n+71) x (n+71) null matriz, I is the n xn identity matriz, and D = diag (—2/b, ...,
—2/b) € R™ ", is satisfied, then the equilibrium e = 0 of system (26) is globally exponentially stable
under an arbitrary solution z(t) of system (22) with the given control.

Theorem 3.4 is proved in the Appendix.

Therefore, solution of the problem of estimating the state of system (22) by observer (24) comes
to determining the gain matrices K and L such that inequality (27) is satisfied for some P = PT >0
and v > 0. Relations (27) represent a linear matrix inequality in v, P, K, and PL, its necessary
and sufficient solvability conditions were obtained in [89, 90, 171].

3.6. Let us consider the method [161, 162] of constructing the global asymptotic observer for
the nonlinear dynamic system like (1) with continuously differentiable right-hand side and linear
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output y = Cz, where C' is an arbitrary constant p x n matrix. The system observer is sought in
the form

= f(@,u) + L(u)(CZ —y), (28)

where L : R™ — R" is the continuous function to be determined. The following assumptions are
made about the right-hand side of the system.

Assumption 3.1. There exists an n x n matric P = PT > 0 and a constant ki > 0 such that for
any z € ker C\{0} there exists a neighborhood S, such that the inequality

vIPD,f(z,u)v < k| v |?
is satisfied for all (z,v,u) € R™ x S, x R™.

Assumption 3.2. There exist a continuous function p: R™ — R and constant ky > 0 such that
p(u) > ko for any u € R™ and the inequality

0" PD, f (2, u)v| < p(u)| v |
is satisfied for all (z,v,u) € R™ x R™ x R™.

The equation of error e = T — x of estimation by observer (28) of the state of system (1) with
the right-hand side under consideration and output is as follows:

é= f(r+eu)— f(z,u) + L(u)Ce. (29)

Observer design lies in seeking a continuous function L(u) for which the equilibrium e = 0 of
system (29) is globally asymptotically stable for an arbitrary fixed control u from the permissible
class of control laws and for the solution z(t) of system (1) with the given control. The following
result is presented without a proof.

Theorem 3.5 ([161]). Let Assumptions 3.1 and 3.2 be satisfied and for allt > 0 any solution z(t)
of system (1) with the right-hand side at issue and the linear output be defined for some fixed control
u from the permissible class of control laws. Then, if the function L(u) = —0p(u)P~*C" is selected
in observer (28), then there exists a value 0, > 0 of the parameter 0 such that for all 6 > 0, the
equilibrium e = 0 of system (29) is globally exponentially stable for the given control u and arbitrary
solution xz(t) of system (1) with the given control.

We note that if Assumption 3.1 is satisfied, then the inequality e® PD,f(0,0)e < —ki| e |? is
valid for all e € ker C, which, as was shown in [161], is equivalent to detectability of the pair
(Dzf(0,0),C). The results formulated as Theorem 3.5 were extended in [162] to construction of
the asymptotic observers for the dynamic systems like (1) with the continuous right-hand side and
a nonlinear function at the system output.

3.7. Some recent works (see, for example, [15, 21, 42, 163-166]) consider construction of the as-
ymptotic observer for the dynamic system as a problem of using the output feedback for asymptotic
stabilization of the system describing the dynamics of error of estimation of the state of the original
system. This problem is solved using system passivity and/or the methods of system stabilization
similar to the so-called backstepping or back detour of the integrator [137]. For example, in [165]
the problem of designing the asymptotic observer for a dynamic system is considered as that of
passification by the static output feedback in part of the variables of a special extended system
consisting of the equations of the state estimation error of the observed system and the equations
of the system itself. At that, the notion of uniform passivity in part of variables is used [165].
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As was shown in [165], this approach generalizes the aforementioned methods of constructing the
asymptotic observers for the dynamic systems and enables one to obtain a unique procedure of
constructing observers for estimation of the state of the dynamic system.

4. OBSERVER-BASED STABILIZATION OF THE NONLINEAR DYNAMIC SYSTEMS

4.1. Feasibility of local stabilization of the nonlinear systems like (1) by separate construction
of the stabilizing state feedback and the asymptotic observer for estimation of the system state
with subsequent substitution of the state estimate in the feedback was demonstrated in [1, 5]. The
following result is valid.

Theorem 4.1 ([1]). Let the function f(x,u) in the right-hand side of system (1) be continuously
differentiable in some neighborhood of the point (0,0) € R™ x R™. We assume that system (1) is
weakly detectable and there exists a continuously differentiable state feedback u = k(x), k(0) = 0,
which locally asymptotically stabilizes the equilibrium x = 0, w = 0 of system (1). Then, for the
control u = k(T), the system

i = f(z,u), = =g h(x),u), (30)
where g : R™ x RP x R™ — R"™ from Definition 2.3, is locally asymptotically stable at the point
x=0,x=0.

We note that (weak) detectability of system (1) means (see, for example, [162]) that the system
z = g(&, h(x),u), where g : R" x RP x R™ — R™ from Definition 2.3 of (weak) detectability, is
the global (local) asymptotic observer of system (1), that is, for an arbitrary fixed control u from
the permissible class of control laws such that any solution x(t), Z(t) of system (30) with the given
control is defined for all ¢t > 0, t — +o00, we get e(t) = Z(t)—xz(t) — 0 for any initial values z:(0), Z(0)
(and sufficiently small e(0) = Z(0) — z(0)). Indeed, for the system

é = gla(t) + e, h(a(t)), u) — f(z(t), v)
= F(z(t),e,u), F(z(t),0,u)=0, YueR™, VYt>0, (31)

describing the dynamics of state estimation error e = Z — z of system (1), let us consider the
function W (t,e) = W (z(t), z(t) + €), where W (-,-) from Definition 2.3 of (weak) detectability sat-
isfies the inequalities (6) and (7), as the Lyapunov function. The control in system (31) is taken
from the permissible class of control laws so that the solutions x(t) of system (1) with the given
control are determined for all ¢ > 0. With regard for the inequality (7) and also the relations
T =x+e OW /e =OW /0T and OW Ot = OW [0z &(t) + OW /DT i(t), the time derivative of the
function W (¢, e) along the trajectories of the system (31) for all e € R" (| e | < d) and all ¢ > 0 is
given by

W(t,e)lony = o + L (alt), e, u) = S f(a(0) ) + S (o), )
+ 22 g(at) + e A(a(0), ) ~ S F(a(0), ) < —as(] e ), (32)

where a3(+) is a function from the class K of Definition 2.3. We note further that for all e € R"
(le] < d) and all ¢t > 0 the function W (¢, e) satisfies the inequality

ar(|e]) < Wi(te) < ax(l e ), (33)

where ;(-), i = 1,2, are functions from the class K, (class K) of Definition 2.3. Then, according
to [137, 139], existence of the function W (¢, e) satisfying inequalities (32) and (33) implies t-uniform
global (local) asymptotic stability of the equilibrium e = 0 of system (31) for an arbitrary fixed
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control u from the permissible class of control laws such that any solution z(¢) of system (1) with
the given control is determined for all ¢ > 0 and for an arbitrary solution z(¢) of system (1) with
the given control.

The facts (formulated as Theorem 4.1) about local stabilization of the nonlinear dynamic systems
using the separation principle were extended in [5] to the case where the function f(-,-) in the right-
hand side of system (1) is continuous and the stabilizing controls belong to the class of continuous
state feedbacks. Theorem 4.1 was shown [5] to retain its validity not only in the case of continuous
differentiability, but in the case of continuity of the corresponding functions as well.

4.2. Stabilization in the large of systems like (1), by the dynamic output feedbacks was con-
sidered, for example, in [11, 12, 18, 24, 27, 29, 35, 48, 50, 54, 62, 63, 77, 86, 87, 103]. As was
demonstrated in [24], it follows from the global asymptotic stabilizability of the equilibrium z = 0,
u = 0 by a smooth state feedback and the uniform observability for an arbitrary control of sys-
tem (1) with the scalar input and output and the smooth functions f(-,-) and h(-) in the right-hand
side of the system that for any compactum K C R" including the point = 0 there exist a dynamic
output feedback of the form (3) for [ = n and a compactum K¢ C R" including the point £ =0
such that the equilibrium = = 0, £ = 0 of system (1) closed by the given dynamic output feedback
is asymptotically stable with the attraction domain including K x K¢. The present paper uses a
high-gain observer operating in the large as the asymptotic observer.

The works [12, 18, 62, 63, 139] solve the problem of stabilization in the large of the nonlinear
dynamic systems by means of bounded state feedbacks and high-gain observers with subsequent
substitution of the observer’s system state estimate in the feedback. When the system state in the
stabilizing feedback is replaced by its estimate, this bounded control-based approach enables one
to avoid a possible dramatic increase in the transient amplitude of the closed-loop system which
drives (see, for example, [12]) the solution of the closed-loop system outside the attraction domain
and causes loss of the equilibrium stability. The publications [62, 63, 139] considered stabilization
in the large of systems like

& = Ax + Bo(x, z,u),
z=(x,z,u), (34)
y= va C = Q(Zlf, Z),

where € X € R" and 2z € Z C R! make up the system state vector; y € Y C RP and ¢ € R®
are the measured system outputs: uw € U C R™ is the control; and ¢ : X x Z x U — RP and
Y : X x Zx U — R! are the locally Lipschitzian maps with ¢(0,0,0) = 0, (0, 0,0) = 0, ¢(0,0) = 0.
In system (34), A€ R™", B € R™*P, and C € RP*" are the respective block-diagonal matrices
A = diag (A',..., AP), B = diag (B',...,B?), C = diag (C',...,CP). Here, A¥ = (a;), i = 1,7,
j = 1,7, k = 1,p, are the square rp-order matrices with the elements af:j =1,if j—i =1,
and af:j =0,ifj—i#1, B =(0,...,0,1)T, k = T,p, are the column vectors of height rj, and
C* = (1,0,...,0), k = 1,p, are the row matrices of length 7y, r =1 + ... + 7).

It is assumed that there exists a control law in the form of the dynamic feedback

uw=k(0,z,¢), 9=T0,z/), (35)
where ¥ € RY, E(0,0,0) =0, I'(0,0,0) = 0, in part of the state variables and the output ¢. In
particular, static feedback u = %(w, ¢) in part of the state variables and the output ¢ for which the
equilibrium x = 0, z = 0, ¥ = 0 of the closed-loop system (34) is asymptotically stable with the
attraction domain @ C X x Z x RY, the functions I'(,-,-) and %(, -,+) being locally Lipschitzian
and bounded.
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The asymptotic observer for estimation of the vector x of part of the state variables of system (34)
is constructed as follows:

T = AT + L(CZ — y) + Boo(Z, 2,u), (36)

where ¢g(z,z,u) is some locally Lipschitzian function of its arguments that is bounded in z, in
particular, a function coinciding with the function ¢(z, z,u) in the right-hand side of system (34), at
that ¢(0,0,0) = 0. In observer (36), the gain matrix L € R"*P has the form L = diag (L!,..., LP),
L' = (9k’i,92k§,...,9rik};i)T, i = 1,p, where 0 > 0 is a parameter, k;-, j=1,r;, i = 1,p, are the
components of the vectors K* = (ki,kb,... kL), i = T,p, such that the matrices A" + K'C",
i = 1,p, have eigenvalues only with negative real parts. The following result makes use of the
notation y = (z7, 2T, 9T,

Theorem 4.2 ([62, 63, 139]). Let us consider a system composed of the equations of (34), ob-
server (36), and the system ¥ = I'(9,%,¢) under control u = k(9,%,¢). Let S C Q and Q C R" be
arbitrary bounded closed sets. Then, (i) there exists a value 07 > 1 of the parameter 6 such that for
all 8 > 67 and all x(0) € S and Z(0) € Q, the corresponding solutions x(t), Z(t) of the system are
definite for all t > 0 and bounded; (ii) for any given p > 0, there exist T > 0 and a value 05 > 1
of the parameter 6 depending on p such that for all 8 > 05 for any x(0) € S and Z(0) € Q the
corresponding solutions x(t), Z(t) of the system satisfy the estimates |x(t)| < p and |Z(t)| < p for
all t > T'; (iii) for any given p > 0, there exists a value 65 > 1 of the parameter 6 depending on
such that for all 0 > 05 for any x(0) € S and z(0) € Q the corresponding solutions x(t), Z(t) of the
system are such that the inequality |x(t) — x,(t)| < u, where x,(t) = (x} (t),zF (), 97 ()T is the
solution of system (34) with the control (35) meeting the initial condition x,(0) = x(0), is satisfied
for all t > 0; (iv) if the equilibrium x = 0 of system (34) with the control (35) is exponentially
stable, then there exists a value 05 > 1 of the parameter 0 such that for all 0 > 0} the equilibrium
x =0, T =0 of the system under consideration is exponentially stable with the attraction domain
containing the set S x Q.

4.3. Global stabilization of the nonlinear dynamic systems like (1) using the separation principle
was considered, for example, in [5, 6, 14, 26, 64, 89, 90, 99, 104, 106, 108, 130]. The following
theorem can be formulated on the basis of the results of [14, 139, 142, 172, 173].

Theorem 4.3. Let us assume that (1) system (1) with the continuous right-hand side is detectable
and there exists a continuous state feedback uw = k(z), k(0) = 0, which globally asymptotically
stabilizes the equilibrium x = 0, u =0 of system (1); (ii) system (1) with the control uw = k(x + v),
where v is a new system input, has stable map of the input-state relative to the input v. Then,
for the control u = k(Z) = k(z + e), system (30) with the right-hand side in point is global and
asymptotical at the point x =0, T = 0.

For the affine and general cases, the problem of global stabilization of the nonlinear dynamic
systems like (1) was considered, respectively, in [99] and [106, 130]. We rely on these results to
formulate the following additional assumptions and theorem.

Assumption 4.1. There exists a continuous state feedback uw = k(z), k(0) = 0 such that for
control u = k(x) system (1) is globally asymptotically stable at the point x = 0 with the Lyapunov
function V (z) satisfying for all x € R™ the inequalities

(|2 ) S V(@) S as(| 2 ) (1)
P2t hla) < el ), (33)
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where «;(+), i = 1,2, are some functions of the class Koo and as(-) is a function of the class K
that is determined on RT.

Assumption 4.2. System (1) admits construction of an asymptotic observer
T = g(,h(x),u), ¢(0,0,0) =0 (39)

such that the equation of the error e =T — x of system state estimation by the observer has the
form (31), where the map F : R™ x R" x R™ — R" is continuous. For any fized control u from
the permissible class of control laws for which all solutions of system (1) with the given control are
definite for all t > 0, the equilibrium e = 0 of system (31), where x(t) is an arbitrary solution of
system (1) with the given control, is globally asymptotically stable. For any fized control u from the
permissible class of control laws for which some solution x(t) of system (1) with the given control
is definite only over a finite half-interval t € [0,T), 0 < T < +o00, the solutions e(t) of system (31)
under the given w and x(t) for any initial values e(0) also are definite and bounded over the given
time half-interval.

Theorem 4.4. Let Assumptions 4.1 and 4.2 be satisfied for system (1) with continuous right-hand
side and the inequalities

T (5@~ e k(@) — S@ RO S 21 )+ el e ) (40)
PD R oo k(3) < 6101 7 ) + il e ), ()

where 0;(+) and ¢;(+), i = 1,2, are some functions from the class K, be valid for all T € R",
e € R". Then, system (30) composed of the equations of system (1) and those of observer (39)
for the control uw = k(Z) is globally asymptotically stable at the point v = 0, T = 0, if a(s) =
as(s) — 01(s) — ¢1(s) > 0 for all s € RT/{0}.

Theorem 4.4 is proved in the Appendix, its corollary being represented by Theorem 4.5.

Theorem 4.5 ([106, 130]). Let (i) the map f: R" x R™ — R™ ‘in the right-hand side of sys-
tem (1) be continuously differentiable and global Lipschitzian in x uniformly in u with a con-
stant ~yy; (ii) Assumption 4.2 be satisfied and the map F : R" x R" x R™ — R"™ be global Lip-
schitzian in e uniformly in u and x with a constant yp; and (iii) there be a continuously differ-
entiable state feedback uw = k(x), k(0) = 0 which globally exponentially stabilizes the equilibrium
x =0,u=0 of system (1). Then, for the control u = k(Z) system (30) consisting of the equations
of system (1) and the equations of observer (39) is globally asymptotically stable at the point x = 0,
z=0.

Theorem 4.5 is proved in the Appendix. We note that under additional assumptions its condi-
tions (i), (ii), and (iii) are satisfied for the classes of dynamic systems like (1) that admit construc-
tion of the global asymptotic observers by means of the aforementioned basic methods of observer
construction for the nonlinear dynamic systems with control.

Theorems 4.3, 4.4 and 4.5 imply that the separation principle is valid in the case of global
asymptotic stabilization of some classes of nonlinear dynamic systems and, for the corresponding
classes, answer positively to the questions formulated in the Introduction about global asymptotic
stabilization of the system by means of separate construction of the stabilizing state feedback and
the observer for estimation of the system state with subsequent substitution of the state estimate
into the feedback.
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Note 4.1. By virtue of e = T — x, asymptotic stability of the equilibrium x = 0, £ = 0 of
system (30) under an arbitrary fixed control u = k(Z) from the permissible class of control laws is
equivalent to stability of the equilibrium x = 0, e = 0 of the system

= f(z,k(x+e)), é=F(z,ek(x+e))

consisting of the equations of system (1) with the given control and the equations of system (31)
describing dynamics of the state estimate error e = & — x of (1) under the given control, as well as
to asymptotic stability of the equilibrium z = 0, e = 0 of the system

T=g@ T —e), k@), é=F(@—ee k@) (42)

consisting of the equations of observer (39) with the given control and the equations of system (31)
under the given control. We note that, by virtue of e = ¥ — x, any solution z(¢) of system (1) with
the control u = k(Z) is representable as x(t) = Z(t) — e(t), where Z(t), e(t) is the corresponding
solution of system (42). Let the equilibrium Z = 0, e = 0 of system (42) be globally asymptotically
stable. Then, the inequality

[z(t)] = |z(t) = 2(t) + 2(@)] < [2@)] + [2(t) — 2(t)] = [2()] + ()]

means that for an arbitrary solution x(t) of system (1) with the control v = k(Z) z(t) — 0 is
satisfied for ¢t — +o0.

4.4. For system stabilization by the dynamic output feedbacks, the so-called method of back-
stepping in observer [9, 137] offers an alternative to the separation principle. This method also
makes use of the system state estimate made by the observer and relies on direct stabilization of a
special extended system consisting of the equations of the original system and the equations of the
error of system state estimate made by the observer and uses the control laws in the form of the
state functions of the observer and the output of the original system.

Let us consider the case of a smooth nondegenerate change of variables like x = T'(x), x =
T=Y(x), T71(0) = 0, where the corresponding functions are defined globally, which rearranges the
dynamic system (1) with the scalar input and output in

where Y = (X1,...,Xn)’ € R" is the system state vector; u € R is the control; y € R is the
measured system output; A = (a;j), i = 1,n, j = 1,n, is a square n-order matrix with the elements
ag = 1,if j—i=1,and a = 0, if j —i # 1; o(x1) = (L1(x1),---»en(x1))", @i(-) € C=(R),
©i(0) = 0, i = 1, n; the vector function B(x1) = (0,...,0,8(x1))" is an n-dimensional vector, the
function 5 : R — R being such that (y) # 0 for any y € R.

System (43) may be regarded as a special case of system (9). For system (43), the global
asymptotic observer has a form similar to (10):

X =AX+ LC(X — x) + ¢(x1) + B(x1)u, (44)

where C' = (1,0,...,0) is the row vector of length n. The vector L = (I1,...,l,)T € R" in ob-
server (44) defines dynamics of the error e = ¥ — x of state estimate of system (43) and is taken
so that the eigenvalues of A + LC' have only negative real parts. Such a choice of L is feasible
because the pair (A, C) is observable. For systems (43) and (44), control is identical, belongs to
the permissible class of control laws, and is such that the solutions x(¢) of system (43) with the
given control are defined for all ¢ > 0 for any x(0).

Under the same control in systems (43) and (44), the equation of error e = ¥ — x of estimation
by observer (44) of the state of system (43) has the form (11). Consequently, by virtue of the
choice of the spectrum of the matrix A + LC, the equilibrium e = 0 of system (11) with the right-
hand side at issue is globally exponentially stable with the Lyapunov function like W (e) = et Pe,
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where, by virtue of the aforementioned choice of the spectrum of the matrix A 4+ LC', the matrix
P = PT > 0 satisfies the Lyapunov equation (4 + LC)TP + P(A+ LC) = —Q, Q = QT > 0 whose
solution exists. For the time derivative of the function W (e), by virtue of system (11) with the
right-hand side at issue for all e € R", the following estimate is valid:

T de
W) |, = <" < Amn(@) e <l Me P

Let us consider the system
X = Ax + @(Xl) + E(Xl)u’ &= (A + LC)G, Y= X1 (45)

composed of the equations of system (43) and the equations of the system describing dynamics
of the error e = Y — x of estimation by observer (44) of the state of system (43). The relation
X = X — e enables one to represent system (45) as follows:

X1 = X2 — €2+ ¢1(x1),
X2 = X3 + l2e1 + @2(x1),

?nq =Xn+lh—1e1 + on-1(x1), (46)
n = lner +on(xa) + Bx1)u,
€= (A+ LC)e,
Y = X1,

where ¥ = (X1,...,Xn)" € R" is the observer state vector (44), e; = X1 — X1, €2 = X2 — X2

The control law u = E()?, Y), E(O, 0) = 0, which is determined by the backstepping in observer
and globally asymptotically stabilizes the equilibrium ¥ = 0, ¢ = 0, u = 0 of system (46) and,
consequently, by virtue of x = Y — e, also the equilibrium x =0, e =0, u = 0 of system (45), is as
follows [9, 137]:

u = an(X,X1) = ﬁ(i{l) <_ann — Zn—1 — (X1 — X1) — ¢n(x1) (47)

2
8% 1 = <80én_1> )
X‘ - Zn |,

ox1
ar(Xt, -+ Xk X1) = —Ck2k — Zk—1 — (X1 — x1) — ¢r(x1)

2
Jay 1 30% L5 Oag_q [ —
aX (X2+901 X1 ) +Z - ( aXl ) 2k k_37n_]-7

+8g;_ <X2+801 X1)+Z

+

2

T - daq /. Do
a2(X1, X2, X1) = =222 — 21 — l2(X1 — Xx1) — p2(x1) + 8—><1<X2 + 802(X1)) —dy (3)(1) 22,

a1(x1) = —(e1 +di)z1 — p1(x1),
Z21=Xx1, Z2=Xx2—0o1(x1), 2=Xx3—(X1,X2:X1), -
Zn = SC\n - O‘nfl(j(\la .. '7§<\TL717X1)'

Here, ¢; > 0, i = 1,n, are arbitrary positive constants, and the constants d; > 0, i = 1,n, are
chosen so that the inequality

1 1 1
)\>max{4d1 4d ,E} (48)
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is satisfied. We note that condition (48) may be satisfied, for example, by fixing the coefficients
d; > 0,1 = 1,n, and selecting the matrix @Q in the Lyapunov equation so as to satisfy this condition.
According to Note 4.1, it follows from the global asymptotic stability of the equilibrium y = 0,
e = 0 of system (45) with control (47) that x(¢t) — 0 is satisfied for ¢ — oo for an arbitrary
solution x(t) of system (43) under control (47). An algorithm to construct control (47) by the
method of backstepping in observer is presented in the Appendix.

We note that construction of the stabilizing control laws as the dynamic output feedbacks by
means of the method of backstepping in observer for the systems with vector input and output
was considered, for example, in [58, 137]. This method was extended to the global stabilization
of the nonlinear systems with linear zero-dynamics system in the cases of minimum phase and
non-minimum phase, respectively, in [9, 137] and [66,131].

Besides the method of backstepping in observer, the method based on system linearization by the
dynamic output feedback [7] offers a possible approach to global stabilization of systems like (43)
by the dynamic output feedbacks. This method is based on using change of variables and the
dynamic output feedback to rearrange system like (43) in a linear observable stabilizable system
and then stabilize the resulting linear system by means of the feedback in the state estimate made
by the observer. Other methods of stabilization of the nonlinear dynamic systems of various lower
triangular forms by the dynamic output feedbacks were discussed, for example, in [10, 19, 22, 37,
38, 41, 82, 102, 119, 124].

5. CONCLUSIONS

The present review considered the main methods of constructing the global asymptotic observers
for the nonlinear dynamic systems with control, as well as the main approaches to the asymptotic
stabilization of the equilibria of the nonlinear dynamic system by means of the dynamic output
feedbacks using the estimate of system state made by the asymptotic observer, namely, utilization
of the separation principle and the method of backstepping in observer.

Presented were the classes of the nonlinear dynamic systems admitting construction of the
global asymptotic observers, as well as the classes of systems for which the separation principle
is valid, that is, asymptotic stabilization of the given system equilibrium is possible by separate
construction of the stabilizing state feedback and the observer to estimate the system state with
subsequent substitution of the state estimate in the feedback.

We note that in the general case the problem of constructing the global asymptotic observer
of the nonlinear dynamic system remains still undecided and the global observers were established
only for some classes of nonlinear systems. The possibility of using the separation principle in
the case of global asymptotic system stabilization has been demonstrated only for some classes of
the nonlinear systems. In the general case, the separation principle does not work for the global
asymptotic stabilization of nonlinear dynamic systems. Examples are known of nonlinear systems
to which in the case of global stabilization the separation principle is inapplicable despite the global
stabilizability of the system by the state feedback and the possibility of estimating the system state
by the global asymptotic observer.

The paper also described an algorithm of global asymptotic stabilization of the equilibria of
the nonlinear dynamic systems using the backstepping method in an observer based on direct
stabilization of a special extended system consisting of the equations of the original system and
the equations of the error of system state estimation by the observer by means of the control laws
having the form of the functions of observer state and the output of the original system. We note
that this algorithm is applicable to the problems of global asymptotic stabilization of a fairly narrow
class of special nonlinear systems.
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The problems of stabilization were considered for no uncertainties in the system. However,
some of the above approaches work in the case of, for example, parametric system uncertainties.
The method of backstepping in observer was generalized in [137] to the case where the right-hand
side of the system has unknown parameters. The separation principle can be used for asymptotic
stabilization of systems with unknown parameters only for a very narrow class of nonlinear systems
admitting construction of the adaptive observers (see, for example, [174]).

For control of wider classes of nonlinear systems both with and without uncertainties, topical
are, therefore, further extension of the classes of nonlinear dynamic systems to which the separation
principle can be applied in the case of global asymptotic system stabilization, as well as extension
of the existing and development of new methods of constructing global asymptotic observers for
the nonlinear dynamic systems with control and methods of system stabilization by the dynamic
output feedbacks.

We note that the major part of the aforementioned results concerning asymptotic stabilization
of the system equilibria using the system state estimate made by the asymptotic observer are
applicable to the problems of tracking the program system trajectories.

APPENDIX

Proof of Theorem 3.1. The positive definite function W (e) = €' Pe, where the matrix P =
PT > 0 is the solution of the Lyapunov equation (17) for some fixed matrix Q = QT > 0, is
considered as the Lyapunov function of system (16) describing the dynamics of error e = Z—x of the
state estimate of system (14) by observer (15) for an arbitrary fixed control u meeting the theorem’s
conditions. According to them and the properties of the quadratic forms, the function W (e) satisfies
the following inequalities for any e € R™:

oW (e)
Oe

(A + LC’)e = _eTQe < _)\min(Q)’ € ‘2‘

Amin(P)| € ’2 <W(e) < Amax(P)] e ’27 ‘

oW (e)
Oe

Then, the time derivative of the function W (e) along the trajectories of system (16) is representable
for any e € R™ and for all t > 0 as

W(e)‘(w)
< (@) € P + 297 Amax(P)] € * = (—Amin(Q) + 2y Amax(P))| €

= 2T P| < 2Amax(P)] € |, (A1)

= 2¢TPe = Qe + 2P [ f(a(t) + e,u) — f(x(t),u)]

For 75 < Amin(Q)/(2Amax(P)), the following inequality is true:

W(e)‘(w) <0, e#0.

Consequently, according to [175], the equilibrium e = 0 of system (16) for the given control u
and arbitrary solution z(t) of system (14) with the given control is globally exponentially stable
for V5 < Amin(Q)/(2Amax(P)), and for any initial values e(0) the solutions e(t) of system (16) are
definite for all ¢ > 0 and for all £ > 0 satisfy the inequality

le(t)] < Ble(0)]e™",

)\max(P) B )\min(Q) - 27f)‘max(P)
)\min(P) and o= 2)\max(P)

where 3 =
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Proof of Theorem 3.2. Let us consider the linear change of variables z; = 0'7%e;, i = 1,n.
In terms of the new variables z;, i = 1,n, and with regard for I; = 6'k;, system (20) describing
dynamics of the error e = T — x of state estimation of system (18) by observer (19) takes on the
form

2=0Acz+ C:’(z, x(t),u), (A.2)

where

z = (zl,...,zn)T,

~ 1 1 T
G(z,z(t),u) = (gl(zl, x(t),u), 592(21, Ozo,x(t),u),..., Wgn(zl, Oz, ...,0" 12, (), u)> .

We consider the quadratic function W(z) = 2T Pcz as the Lyapunov function of system (A.2)
under an arbitrary fixed control u satisfying the theorem’s conditions and an arbitrary solution xz(t)
of system (18) with the given control. Here, the matrix Po = PX > 0 satisfies the Lyapunov
equation Ach + PcAc = —Q¢ for some fixed matrix Q¢ = Qg > 0 whose solution exists
because, according to the conditions of the theorem, the matrix Ac has eigenvalues only with
negative real parts. We note that for any z € R™ the function W (z) satisfies estimates similar
to (A.1) that are valid for the positive definite quadratic forms.

For any z € R™ and all ¢t > 0, the time derivative of the function W (z) along the trajectories of
system (A.2) is given by

i P T \ o1, &
W(Z)‘(Az) = 022 Poiz=—z2 QCZ+02Z PoG(z,x(t),u)

< Amin(Qo)| 2 |* + %QAmaX(PC)\ 2 |Gz, x(t),u)].

We note that, as follows from the global Lipschitzness in 2 of the function a,,(z) and the uniform
in u global Lipschitzness in z of the functions b;(z,u), i = 1, n, in the right-hand side of system (18),
the functions g;(e,x,u), i = 1,n, in the right-hand side of system (20) are globally Lipschitzian
in e uniformly in z and w. Then, with regard for the fact that the equalities ¢;(0,0,...,0,2,u) = 0,
i = 1,n, are valid for all z € R", u € R™, the following estimates are valid for the functions
gi(21,022,...,07 2, 2 u), i = 1,n, 6 > 1, in the right-hand side of system (A.2):

1 i—1

ng(zl,ﬁz'g,...,ﬁ zi,x,u)‘

1 . )
< WWZ% +0%25 4.+ 20702 < 2|, i=Tn, (A3)

where 7, ¢ = 1,n, are the corresponding Lipschitz constants.

We make use of inequalities (A.3) to obtain the following estimate of the time derivative of W (z)
along the trajectories of system (A.2):

W), < (FAmin(Q) + 35 mas(Pe) | 2

where y¢ = n max~y,,. For 6 > 0, = max{1.27¢Amax(Pc)/Amin(Qc)}, the following inequality is
true:

W(z)‘ <0, z#0.

(A.2)
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For the aforementioned choice of the parameter 0, the equilibrium z = 0 of system (A.2), according
to [175], is globally exponentially stable under the given control u and an arbitrary solution x(t) of
system (18) with the given control. Now, the global exponential stability of the equilibrium e = 0
of system (20) with the quadratic Lyapunov function W(e) = et Pe, where P = (p;;), i = 1,n,
j = 1,n, is the quadratic n-order matrix with the elements p;; = po;; /6L =T, j =1,n,
follows from the linearity and form of the change of variables z; = 0'~‘e;, i = 1,n. Consequently,
there exist constants o > 0 and # > 0 that are independent of v and z(¢) and are such that for
any initial values e(0) the solutions e(t) of system (20) under the given control u and an arbitrary
solution xz(t) of system (18) with the given control for the aforementioned choice of the parameter 6
for all t > 0 are definite and for all ¢ > 0 satisfy the inequality |e(t)| < 5|e(0)| exp(—at).

Proof of Theorem 3.4. Let us consider the positive definite function W (e) = e Pe, where the
matrix P = PT > 0 that was taken from the theorem’s conditions satisfies the matrix inequal-
ity (27), as the Lyapunov function for system (26) describing dynamics of the error e = Z — x of
state estimate of system (22) by observer (24) for an arbitrary fixed control u meeting the theo-
rem’s conditions. The time derivative of the function W (e) along the trajectories of system (26) is
representable for any e € R™ and all t > 0 as follows:

. e T
W(e)’(%) - [ A(t)n ]

e 1" —vI —(H+KCO)T e
A(t)n —(H+ KQC) -D Alt)n |-

Taking into account (H + KC')e = n, we obtain

G'p 0

(A+LC)'P + P(A+ LC) PGH e ]

<

Wie) < -vleP -2 Aw(I- %A(t))n.

(26)

Since 9;(t) € [0,b], i = 1,7, the inequality

W <-vlel
(€)] g < —¥I€
is valid. We note that for any e € R" the function W (e) also satisfies the estimates (A.1). Conse-
quently, according to [175], the equilibrium e = 0 of system (26) is globally exponentially stable,
and for any initial conditions e(0) the solutions e(t) of system (16) are definite for all ¢ > 0 and for
all t > 0 satisfy the inequality

le(t)] < Ble(0)|e™",

Amax (P) v

———and o = ——.

)\min(P) anda 2)\maX(P)

Proof of Theorem 4.4. Let us consider system (30) under the control u = k(Z). By the linear

change of variables

where =

T=, e=IT—u, (A4)

under the given control system (30) with the right-hand side in point is rearranged to a form which,
with regard for ¢(Z, h(x),k(Z)) = f(x,k(Z)) + F(z,e, k(T)), is representable as follows:

T=f(T—e k@) +F@—eek®), é=F@—eek®)). (A.5)
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The subsystem of equations in Z of system (A.5) is given by
T=f(T—e k@) +F@—ee k@) =oe). (A.6)

The function V1 (Z) = V(Z), where V(x) is the Lyapunov function of system (1) that is closed by the
control u = k(z), is considered as the Lyapunov function of system (A.6) with the perturbation e.
By replacing = in (38) by Z and taking into account the resulting inequality and inequalities (40)
and (41), the time derivative of V; along the trajectories of system (A.6) for any ¥ € R" and e € R"
can be given by

@)y = o £ K@) + T (12— e, k(2) - 12, K@)
TN @) b oo k(@) < —as( 2 )+ a1 E D)+ oall e )+ dr(| 2 )+ dal] e ).

oz

For all z € R™ and e € R™ we now have

N@) gy < —(@al ) =12 ) = 6201 Z ) + (eall € ) + 2] e])
= —a(l @)+l e, (A7)

where a(s) = as(s) — 01(s) — ¢1(s), 0(s) = 02(s) + Pa2(s), s € RT.

We note that, according to Assumption 4.2, any solution e(t) of system (31) with the control
u=k(Z) = k(z + e) is definite at least over some finite time half-interval ¢t € [0,7), 0 < T' < o0,
and continuous and bounded over this half-interval. Inequalities (37) (with regard for the change
of x by ) and (A.7) mean that for any z(0) a bounded solution Z(¢) of system (A.6) corresponds to
any bounded perturbation e(t) and, by virtue of z = T — e, also a bounded solution z(t) of (1) with
the control u = k(z + e), where u = k(x) is taken from the formulation of the theorem. For any
initial values x(0), the solutions x(t) of system (1) with the control u = k(x + e) are then definite
for all ¢ > 0, and any solution e(t) of system (31) with the given control u = k(z + e) is definite for
all t > 0. By virtue of T = = + e, the solutions Z(¢) of system (A.6) for any Z(0) also are definite
for all t > 0.

As follows from inequalities (37) (with regard for the replacement of x by z) and (A.7) with the
assumption that a(s) > 0 for all s € R /{0} (see, for example, [137, 142, 176]), system (A.6) has a
stable input-state map [148, 149] relative to the input e generated by system (31) with the control
u = k(Z), that is, for any z(0) and arbitrary solution e(¢) of system (31) with the control v = k()
the solutions Z(t) of system (A.6) exist for all ¢t > 0 and satisfy the inequality

[z(®)] < B(z(0)],1) +~ ( sup |€(T)|> ; VE20, (A.8)

0<r<t

where (3 is a function from the class K'L and 7 is a function of the class K (for d = +00). Now, since
any solution e(t) of system (31) with the control u = k(Z) is definite for all ¢ > 0, it follows that,
according to the conditions of the theorem, the equilibrium e = 0 of system (31) with the given
control is globally asymptotically stable. Then, it follows from inequality (A.8) (see, for example,
[139, 142]) that the equilibrium Z = 0, e = 0 system (A.5) also is globally asymptotically stable.
Further, it follows from (A.4) that the equilibrium = = 0, Z = 0, of system (30) with the right-hand
side at issue is globally asymptotically stable under the control u = k(Z).

Proof of Theorem 4.5. Let us consider system (A.5) which is composed of the equations of
observer (39) with the control v = k(Z) and the equations of system (31) describing the dynamics
of error e = T — x of estimation by observer (39) of the state of system (1) with the given control
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and satisfies the theorem. Since, according to the theorem’s conditions, system (1), which is closed
by the feedback u = k(x), is globally exponentially stable at the point z = 0 and its right-hand
side without output is continuously differentiable, there exists [175] a Lyapunov function V (x) such
that the inequalities

alx \2 <V(z)<co|x ’27

ov
<alrl 50

k() < —ea @ %, (A.9)

‘Eﬂ/(x)
Oz

where c1, ¢a, ¢3, ¢4 are some positive constants, are satisfied for any « € R". By using the Young
inequality
1 1 p
vy < —aP +er—lyr—1 VYo yec RY, Vp>1, Ve>0
€

and replacing x in (A.9) by T, we obtain for all € R™ and e € R"™ with regard for the resulting
inequalities that

axgg) (f(:,f — e, k(@) - (@, /-c(a?)))

S - -
<esylell 21 < ceny| P +eesrpl e P = ol 2 1) +ea(] e ),
oV (7)
ox
1 ~ -
< cesvrl @ P+ ecsyrl e[ = 61(1 7 )+ 6a(] e ).

F(z —e,e,k(T)) <cgyrlel|l |

Here, 01(5) = Legyrs?, 0a(s) = ccyyrs®, 1(5) = Legyrs?, da(s) = ccyrrs®, 5 € R, and ¢ > 0 is
an arbitrary positive constant.
Now, for € > (¢3¢ + c3yr)/ca the inequality

- 1 1
04(8) = a3(8) - 01(8) - ¢1(3) = 0482 — Ecg’YfSQ - EC:WFSQ >0

is valid for all s € R*/{0}. Consequently, according to Theorem 4.4, for € > (c3vy + c377r)/ca the
equilibrium x = 0, Z = 0, of system (30) with the right-hand side at issue is globally asymptotically
stable under the control u = k().

Algorithm to Construct the Stabilizing Control by Means
of the Backstepping Method in Observer

Step 1. Consider the first equation of system (46)

X1 = X2 — €2+ v1(x1)-

If X2 were a control, then it would be possible to compensate the uncertainty of e and make the
variable x1(t) tend to zero for t — +oo by taking some control law Yo = a1(x1) in the first function
of system (46). Let us construct this “virtual” control law Y2 = a1(x1). To this end, we make use
of the following positive definite function

1
Y/l(zl,e):§z%+W(e)>0 for 2z #0, e#0,

where z; = x1, W(e) is the Lyapunov function of system (11) with the right-hand side under
consideration. Below we also use for convenience the variable zo = X2 — a1 (x1)-
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The time derivative of the function V; along the trajectories of system (46) is as follows:

V1|(46) = 21%1|(46) + W(€)|(46)
= z11|ue) + W(e)la1) < 21(R2 + ¢1(x1) —€2) — Al e |
< z1(z0 + a1(x1) + o1(x1) — e2) — Aea.
By taking a1(x1) = —(c1+d1)z1 —¢1(x1), where ¢; > 0 and d; > 0 are arbitrary positive constants,
we obtain
Vils) < z1(—c121 + 20 — diz1 — €2) — Ae3

2 2 2 2
= —C12] + 2122 — (dlzl + z1€69 + )\62) = —C12] + 2122 — S1,

where

1
e2>0 for A>F¢1

(m%f )2 N

Consequently, for an appropriate choice of the constant d;, the upper estimate of the time derivative

of the function V; along the trajectories of system (46) consists of the negative definite part and
the alternating-sign term zjzs.

Step 2. Consider a subsystem consisting the two first equations of system (46) and representable
as

X1 = ai(x1) +e1(x1) —e2 + (X2 — a1(x1)),
X2 = X3+ (1 — x1) + v2(x1)-

At this step, we assume that it is already Y rather than Y3 that is the “virtual” control. By
selecting a “virtual” control law X3 = aa(X1, X2, x1), we make the variable z1(t) = xi1(t) and
29(t) = Xa2(t) — a1(x1(t)) tend to zero for ¢ — +oo. Let us consider the following positive definite
function:

1
Vo(z1,29,€) = Vi(21,€) + 5222 +W(e) >0 for (z1,22)#0, e#0.

Below we use for convenience the variable z3 = X3 — aa(X1, X2, X1)-
The time derivative of the function V; along the trajectories of system (46) is as follows:

V2‘(46) = ‘71‘(46) + 2222\(46) + W\ 46)
< —qu 4+ 21290 — 51+ z222’(46) + W’(n) —6121 S

R N 8041 ~ 2
+ 29 (21 + X3+ l2(X1 — x1) + p2(x1) — 8—X1(X2 +eilxa) - 62)) — A%

oaq /.
=—c12i— 51+22(Z1+23+042(X1,X2,X1)+l2(X1—X1)+902(X1)—8—Xi(X2+901(X1)—62))—)\63.
By taking

a2(X1, X2, X1) = —c222 — 21 — la(X1 — x1) — p2(x1)

oo /. ooy
+ E (X2 + <P2(X1)) —ds (3X1> 29,
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where co > 0 and dy > 0 are arbitrary positive constants, we obtain

; daq \? Oa
Valwae) < —c127 — c223 + 2223 — <d2 (3—X1> z5 — 3—X12262 + )\6%> -5

2 2
= —c12] — 225 + 2923 — S1 — o,
where

S (\/d—%z —Le)2+()\—i)62>0 for )\>i
2T\ a2 Ady) 2 = Ady

Consequently, for an appropriate choice of the constants d; and dsy, the upper estimate of the
time derivative of the function V5 along the trajectories of system (46) consists of a negative definite
part and the alternating-sign term z5z3.

Step 3. By reasoning similarly, for the subsystem consisting of the three first equations of sys-
tem (46) and represented as
X1 =ai(x1) +e1(x1) —e2 + (X2 — a1(x1)),
X2 = @2(X1, X2, X1) + l2(X1 — x1) + @2(x1) + (X3 — @2(X1, X2, X1)),
X3 = X4+ 13001 — x1) + e3(x1),

we make use of the following positive definite function
1
Vs (21, 22, 23, €) = Va(z1, 22, €) + 5232 +Wi(e) >0 for (z1,22,23)#0, e#0

to construct the “virtual” control law X4 = as(X1, X2, X3,X1). By taking the “virtual” control
law X4 = as(X1, X2, X3, X1), we make the variables z1(t) = xi1(t), z2(t) = Xa(t) — a1(x1(t)) and
z3 = X3(t) —aa(X1(t), X2(t), x1(t)) tend to zero for t — +oo. In what follows, we use for convenience
the variable z4 = X4 — a3(X1, X2, X3, X1)-

The time derivative of the function V3 along the trajectories of system (46) is represented as
follows:

V3|(46) = VQ|(46) + 2323|(46) + W|(46)
< —clz% - CQZ% + 2923 — 51 — Sy + 2’3?33|(46) + W|(11)

< —c12f —cp25 — 51— Sz + 23 <Z2 +Xa +13(X1 — x1) + ¢3(x1)

dag /. Oay - Oay - 2
_r=2 _ s P2 — )\
O (XQ + @1(x1) 62) %1 X1 %5 X2 €

= —c12] —co25 — 81— So + 23 (ZQ + 24 + a3(X1, X2, X3, X1) + I3(X1 — x1)

Oa —~ O S O 5
+p3(x1) — a—Xi<X2 +e1(x1) — 62) — 8—2?)(1 - 8—)22X2> — Aes.

By taking

a3(X1, X2, X3, X1) = —c323 — 22 — l3(X1 — x1) — v3(x1)

80&2
1

+8X

. day - day - Ay \ 2
<X2 + <P1(X1)) + 8—)21X1 + 8—)22x2 —ds (3—X1> 23,
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where c3 > 0 and d3 > 0 are arbitrary positive constants, we obtain

Vil < — 122 — 022 — 322 g (22" 5 Do Ae2) — 8 — S
3|(46) < —C121 — c223 — €323 + 2324 — | d3 B Zg—a—xlz?,e2+ e3 ] —S1— 52

2 2 2
= —C12] — Cazy — €325 + 2324 — 51 — S2 — 53,

where

S <\/d 0c ! >2+<)\ ! ) >0 for A>

— —e e T —

3 L R N Ads ) 2 Ady”

Consequently, for an appropriate choice of the constants di, do, and ds, the upper estimate of

the time derivative of the function V3 along the trajectories of system (46) consists of the negative
definite part and the alternating-sign term z324.

Now, Steps 4—(n — 1) of the algorithm to construct the stabilizing control are similar to Step 3
and lie in constructing the corresponding “virtual” control laws

X\i:ai—l(k\lv"wk\i—laxl)a i:57n7

using the positive definite functions ¢ = 4,n — 1,

1
Vi(z1,. ..y zi,e) = Vici(z1, ..., zim1,€) + §zi2 +W(e) >0 for (z1,...,%)#0, e#0.

Step n. At the concluding stage, we select a real control u = a, (X, x1) to drive to zero the
variables

z1(t) = x1(t), 22(t) = X2(t) — a1 (xa(?)),
z3(t) = X3(t) — a2(X1(t), X2(t), xa (1), .-,
zn(t) = Xn(t) — an-1(X1(), -+, Xn—1(t), x1(2)) (A.10)

for t — 4o00. Let us consider the following positive definite function:

1
V21, oyzn,e) = Vioq(21, ..oy 2n—1,€) + anQ +Wi(e) >0 for (z1,...,2,) #0, e #0.

Its time derivative along the trajectories of system (46) is as follows:

Vil (ag) = .n 1] (a6) + 2nZnl(as) + W|we)

chz —ZS + Zn2n— 1+Zn2n|(46 +W|(11
i=1

< - Z iz — Z Si+ 2n <Zn1 + (X1 — x1) + B0x1)u+ enlxa)
i=1 im1

 Oay, * a1 - S
SXI(XTF% X1 —62) Z gle Z) )\Z:e?.

Then, if one takes the control law

~ 1 ~
u = an(Xle) = ﬁ(Xl) <_ann — Zn—1— ln(Xl - Xl) - (pn(Xl)
0oy 30471 1 dovn—1\?
— _ A1l
+ ot (X2+<P1X1)+Z Xi (3X1 ) Zn>, ( )
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where ¢, > 0 and d, > 0 are arbitrary positive constants, the following estimate is true for the
time derivative of the function V,, along the trajectories of the closed-loop system (46):

V|(46 Zczz —ZS Y — )\Ze?
=3

:_;Ci (\/721+ \/d_ )2

> (VE Gt ) ~Y (qp)d e oard
2V/d; 4d; =

Ox1 i=1

If the constants d;, i = 1, n, are selected so that inequality (48) is satisfied, then the estimate

Vi |(16) < Zczz - )\Zez, (A.13)

1
where \ = mln{)\ Zzl ()\ — H)} > (0, is valid.
Relations (A.10) and e = e define the map which is a diffeomorphism of the spaces R?" =
{X1,X2, > Xn, €} and R?™ = {21,..., z,,e} and represents a globally defined change of variables.
In terms of the variables z;, i = 1,n, and e, system (46) closed by control (A.11) takes the form

Z1=—c1z1+ 22 —d1z1 — e,
. 8041 2 30&1
Zg=—cazg—21+23—do | 5— | 22+ 5 —e€2,

ox1 ox1
. da -2 2 O -2 A.14
Zn—1= —Cpn-12n—1 — Zn—2 + 2n — dp_1 <L> Zn—1+ = €2, ( )

ox1 Ox1
don—1\? Doy
Zn = —CnZp — Zn—1 — dp, <M) Zn + il 162,
ox1 ox1
é=(A+ LQC)e,

where z = (21,...,2,)T € R" and e € R" make up the system state vector. We note that, by virtue

of (A.10), system (A.14) is stationary because its right-hand side depends only on z and e.

The time derivative of the function V,, along the trajectories of system (A.14) for all z € R"
and e € R" satisfies (A.12) and, provided that inequality (48) is satisfied, also estimate (A.13).
Consequently, if inequality (48) is satisfied, then V;, is a Lyapunov function for system (A.14),
and according to [175], the equilibrium z = 0, e = 0 of system (A.14) is globally exponentially
stable. Since ;(0) =0, i =1,n — 1, it now follows from (A.10) that the equilibrium ¥ =0, e =0
of system (46) closed by control (A.11) is globally asymptotically stable, which by virtue of x = Y—e
also implies the global asymptotic stability of the equilibrium x = 0, e = 0 of system (45) under
control (A.11).

Part of the results presented in this paper is compiled as Tables 1 and 2 of the classes of nonlinear
systems admitting construction of the asymptotic observers, conditions for and type of stability
of the system describing dynamics of the error of state estimation of the original system by the
observer, conditions for validity and type (in the case of local, global asymptotic stabilization or
asymptotic stabilization in the large) of the separation principle.
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Table 1. Observers of nonlinear systems

Type Sufficient
System class Observer of stability stability
conditions
& = Az + o(y,u), y = Cx, x € R", u € R™, =A%+ L(CT —y) + o(y,u), Global Hurwitz
A e RY™ (C € RP*" the pair (A,C) is de- L € Rnx<p exponential stability
tectable, o(y,u) continuous of the matrix
A+ LC
i = Az + f(z,u) + o(y,u), y = Cx, z € R", T=AZ + L(CT —y) + f(@,u) + o(y, u), Global Theorem 3.1
u € R™ Ae R"™" C € RP*" the (A,C) is I € Rnxp exponential
detectable, o(y,w) continuous, f(x,u) is contin-
uous and globally Lipschitzian in « uniformly
in u
&1 =z + by (21, u) + 01(y,u), T =79+ (21 —21) + b1(T1,u) + 01(y, u), Global Theorems 3.2, 3.3
&y = w3 + ba (w1, 22, u) + 02(y, ), To =T + Io(F1 — x1) + bo(T1, Bo, u) + 02(y, ), exponential
Tp—1 = Tn, Fbn1(@1, . Tty u) + 0n1 (Y, u), gnfl =T+l 1 (Z1—21) + by 1 (T1, o B, ) + 0n1 (Y, 1),
Tp = an(x) + bp(w,u) + Qn(y,TU)7 in = an(@) + L (T1 — 1) + bu(F,0) + 0n (y, u),
y=x1,u € R™ == (x1,...,2,)" € R", _ T n
a,(x) globally Lipschitzian, b;(x,u), i = 1,n, L= )" € R
continuous and globally Lipschitzian in 2 uni-
formly in w, 9;(y,u), i = 1,n, continuous
&= Az + GyY(Hz) + o(y,u), y = Cz, x € R™, T=AZ+L(CT—y)+ Gy(HZ + K(CT —y)) + o(y,u), Global Theorem 3.4
u€e R" Ae RV G e R, He R, L€ RY™P K € RT¥P exponential
C € RP*™ the pair (A, C) is detectable,
o(y,u) and ¢(Hz) are continuous, Y(Hzx) =
T
(wl(zjzl Hijay), oo tr (X Hrjl”j)) :
a< Vilz) = ¥ilz0) < b, V21,22 € R, 21 # 22,
Z1 — %2
t=1,r
= f(z,u), y=Cx, x€ R", ue R™, C € RP*™, T = f(@,u) + L(u)(CZ —y), Global Theorem 3.5
f(z,u) continuously differentiable L(u) continuous exponential
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Table 2. Satisfaction of the separation principle

System class

Observer

Type
separation of
principle

Sufficient
validity
conditions

&= f(z,u), y = h(z), z € R", u € R™, y € RP, f(z,u)
and h(x) are continuous, f(0,0) =0, h(0) =0

T=g(, h(z),u), g(-) is continuous, ¢(0,0,0)=0,
asymptotic, operates locally

T=g(Z, h(z),u), g(-) is continuous, g(0,0,0)=0,
asymptotic, operates globally

In the case of
local as-
ymptotic
stabilization
In the case of
global asymp-
totic  stabi-
lization

Theorem 4.1, gener-
alization of Theo-
rem 4.1

Theorems 4.3-4.5

&= Ax+ Bo(x, z,u), 2 =1v(x,z,u), y =Czx, ( =q(z,z2),
reEXCR", 26 ZCR!, yeYCRP, C€ER®, ucUCR™,
maps ¢: X xZxU — RP and ¢: X x ZxU — R are
locally Lipschitzian, ¢(0,0,0)=0, % (0,0,0)=0, ¢(0,0)=0;
A€ R Be R, C e RPX", A=diag(Al,..., AP),
B :%(Bl, .., BP), €= diag (Ch,...,CP), AF = (a})),
1= 1,15, j = 1,rx, k = 1,p, are square matrices of or-
ders rp with the elements ai-“j =1,ifj—i=1, and ai-“j =0,
if j—i+#1; B¥ =(0,...,0,1)T, k = T,p, are the column
vectors of height rp; C* = (1,0,...,0), k = T, p, are the
row matrices of length rp, r=7r1 +... +17p

T = AZ 4 L(CZ — y) + Boo(, z,u), do(x,z,u)
is locally Lipschitzian and bounded in =,
$0(0,0,0) =0; L € R"™*?, L = diag (L, ..., LP),
Lt = (akg,e%g,...,emkii)T, i=1,p; 0>1, k;;-,
j=1,r;,i=1,p; are the components of the vec-
tors K = (ki, k%,....kL)T, i = 1,p, such that
the matrices A*+ K'C", i = 1, p, are Hurwitzian,
asymptotic with high gains, operates in the large

In the case of
asymptotic
in the large

Theorem 4.2

&= f(x,u),y=nh(z), € R",u€ R,y € R, f(x,u) and
h(z) are smooth, f(0,0) =0, h(0) =0

Asymptotic with high gains, operates in the large
(see Section 4.2)

In the case of
asymptotic
stabilization
in the large

Global asymptotic
stabilizability of the
system by a smooth
state feedback and
uniform system ob-
servability under an
arbitrary control
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